Trajectory Planning without Trajectory Data: A
Manifold-Guided Approach

Silong Yong' Anji Liu> Cunxi Dai' Carl Busart?
Guanya Shi'  Yilun Du* Katia Sycara' Yaqi Xie'

arnegie Mellon Universit ational University of Singapore
!Carnegie Mellon University ~ 2National University of Singap
3DEVCOM Army Research Laboratory ~ “Harvard University

Abstract

A common way for trajectory planning is to leverage generative models trained
on large collections of expert trajectories. At inference time, the model gener-
ates executable trajectories by conditioning on task goal constraints. However,
trajectory-based methods rely on costly supervision, scale poorly with sequence
length, and often generalize poorly to unseen constraints such as novel start-goal
pairs. We propose an alternative to learn the underlying state-space manifold and
use the geometry of the manifold for trajectory planning. This approach requires
only state observations and enables generalization to unseen constraints by con-
structing trajectories on the learned manifold of the state space. Experiments on
classical planning problems in maze demonstrate the effectiveness of our work.
We further show that the method can be used in higher dimension space where
table-top robot arms are considered. Our method is able to find feasible path
given only infeasible straight line reference, and be comparable to State-of-the-Art
trajectory-based model without actually learning on trajectory data. Code can be
found inhttps://github.com/SilongYong/Ariadne/|

1 Introduction

Trajectory planning aims to find a time-parameterized sequence of states that satisfies environment
dynamics, task objectives, and constraints. Classical approaches typically rely on search or
optimization over explicit dynamics models [38] 32, 22| [23]], which can become computationally
expensive in high-dimensional spaces.

Recent learning-based methods instead leverage generative models, such as diffusion models [18],
to learn trajectory distributions from offline data, enabling flexible plan synthesis via conditional
sampling [20, 9} |5} 28]]. By bridging sampling and planning, these methods model distributions over
trajectory sequences. However, the trajectory space is exponentially large and highly structured, mak-
ing it impractical to achieve sufficient coverage with finite data. As the sequence length increases, the
number of feasible trajectories grows combinatorially, requiring prohibitively large datasets to learn
a reliable model (Fig. |1} top-left). Empirically, this leads to poor generalization when conditioning on
unseen start—goal pairs: the generated trajectories often fail to reach the goal or violate environment
constraints, even when the constituent states have been observed during training (Fig.[I] top-right).

We aim to improve the generalizability of generative-model-based trajectory planning while reducing
the need for extensive trajectory supervision. Instead of learning from expert trajectories, we consider
a setting where only state observations are available, i.e., a generative model is trained to capture the
distribution of valid states (Fig. E], bottom row). Under the manifold hypothesis |39} [17, 16} [11]], these
states are assumed to lie on a low-dimensional manifold embedded in the ambient space, i.e., a space
that can be curved or complex overall, but looks locally like a flat Euclidean space. While learning
such state distributions is well understood, a key challenge remains: how can we leverage this learned
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representation to construct feasible trajectories? We address this by interpreting trajectory planning
as searching for valid paths on the learned state manifold, and propose a method that constructs
trajectories by explicitly exploiting its geometry.

We view trajectory construction as following a
vector field defined over the state space, where

a trajectory corresponds to an integral curve of Training Testing
this field. Intuitively, at each state, the vector ] B

field specifies a local direction of motion, and q B E I |
integrating these directions produces a path Trajectory | n 0 B x B
connecting the start and goal states. This vector Mot HECE C LRl
field is constrained to lie on the underlying [f. '_. | B

state manifold, ensuring that the resulting

trajectory remains in feasible regions of the coflle o o B —
state space. This perspective raises three key c° BB [ BN |
challenges: identifying the local geometry Our g----0 & L
of the manifold, defining a vector field that Method !! . !i: et e
respects this geometry, and ensuring meaningful o ofllee o [ ]

notions of distance for projection.

Our key insight is that generative models Figure 1: Trajectory-based model can’t generalize
provide rich geometric information about towards unseen combination of start and goal state
the data manifold. In particular, the score evenif both states are presented in the training data.
function captures local first-order structure, In contrast, our method is able to generalize under
while higher-order information reveals the full such condition without seeing any trajectory data.
normal space. Leveraging this, we construct a

geometry-aware vector field that remains on the manifold and connects given endpoints. To enable
stable projection, we further derive a Riemannian metric from the score function [4, [13].

We first verify the idea in the classical planning domain where a 2D maze is considered. We
demonstrate that with only state information provided during training a generative model, our
method is able to extract the geometry and perform sequence modeling by providing feasible
planned path towards the goal. Our method therefore overcomes a key limitation of learning-based
sequence modeling, where models only perform well on start-goal pairs whose trajectories were seen
during training. We further demonstrate that our method can also be adopted to higher-dimensional
space where a 6 DoF robot arm is tasked to avoid obstacles in a table top settings. Our method
is also extended to two 7 DoF robot arms control problem where the two arms need not only to
avoid obstacles but also avoid each other and achieves comparable results to the State-of-the-Art
trajectory-learning-based planning method. Overall, our contributions are as follows:

* We extend the manifold hypothesis on score-accessible generative models to not only
confirm the existence but also extract general geometry without strong assumptions from it.

* We propose a novel trajectory planning framework which requires only state-space training
data by utilizing the geometry and introducing an endpoint constraint by connecting the
non-linear interpolation formulation with iterative projection method.

* We validate our method on planning tasks requiring trajectories to lie in feasible spaces, and
show that it extends to higher-dimensional settings such as robot arm motion planning.

2 Background and Motivation

Learning-based trajectory planning is typically formulated as learning from trajectory datasets. Let
a state be denoted by x € X, where X is the state space. A trajectory is a time-indexed sequence
7 = (2o, 21,...,27) describing a feasible transition between a start state xo and a goal state 7. A
task specifies trajectory-level conditions, such as initial states, goal states, or intermediate constraints.
A dataset D,y = {Ti}i]\il consists of sampled trajectories collected from demonstrations or rollouts.
During training, a model learns to approximate the distribution over trajectories p(7) from Dyy;.
At inference time, the model is conditioned on task specifications and generates a trajectory that
is evaluated by task completion and feasibility. The most prominent requirements [20] for task
specifications are that the trajectory terminates at a specified goal state. This start-goal formulation
is fundamental in robotics and motion planning and our work specifically focus on this setting.



As illustrated in Fig. [I] (top-left), trajectory datasets inevitably provide incomplete coverage of the
space of feasible trajectories. Certain valid trajectories, although physically realizable, may be absent
from the dataset (shown as dashed curves), due to limited data collection or biased sampling.

This incomplete coverage leads to a well-recognized generalization issue in generative planning
models [20, 6l 26} [7]]. Because the model learns a trajectory-level distribution, it becomes biased
toward motion patterns observed during training, i.e., biased patterns in the training set. At inference
time, when tasked with generating trajectories that were not explicitly present in Dy, the model often
fails to produce valid solutions (Fig.[I} top-right). This failure arises from trajectory-level distribution
mismatch: the required trajectory lies outside the support of the learned trajectory distribution, even
though it may be perfectly feasible in the underlying environment.

We propose a new paradigm to address this limitation. We argue that many trajectory-level out-of-
distribution (OOD) failures originate from bias in trajectory data rather than from insufficient state
coverage. While trajectory samples may be sparse or incomplete, the underlying state distribution
often exhibits significantly broader coverage (Fig. |1} bottom-left). That is, even if certain trajectories
are missing, their constituent states may still lie within the observed state space. This observation
motivates a fundamental question: can we learn planning from state data alone, without relying
on trajectory supervision?

Eliminating trajectory supervision immediately raises a key challenge: without access to explicit
path information, how can trajectories be reconstructed at inference time? We observe that, for most
planning problems, valid trajectories correspond to smooth curves in the state space that remain
within dynamically feasible, low-energy regions. If a model can learn the geometric and energetic
structure of the state space from state-only data, then trajectory construction can be framed as a curve
generation problem under task constraints (e.g., specified endpoints). Moreover, collecting state
data is often substantially easier and less restrictive than collecting full trajectory demonstrations,
making this paradigm more scalable in practice.

Formally, given a learned state-space model and task-level conditions such as start and goal states, our
objective becomes: how can we construct a feasible curve at inference time that obeys these conditions
while remaining in valid regions of the state space? We present Ariadneﬂ below, which exploits
the geometry of the learned data manifold and formulates trajectory construction as integrating an
ordinary differential equation (ODE) that evolves along it.

3 Staying on the Manifold

Before proceeding, we briefly clarify the notion of the data manifold. Let X C R? denote the ambient
state space. Given state-only training data sampled from valid system behaviors, we assume that feasi-
ble states concentrate around a lower-dimensional subset M C X, which we refer to as the dara mani-
fold. Intuitively, M represents the set of dynamically feasible and physically valid states of the system.

Rather than assuming explicit access to M, we rely on a learned generative model to implicitly
characterize its local geometry. In particular, the local geometry, i.e. normal and tangent spaces at a
point, are defined with respect to this learned geometric structure.

We first consider the problem of constructing a trajectory that remains on the data manifold M,
ignoring endpoint constraints for now. A natural approach is to iteratively follow a reference direction
while projecting the update back onto the local tangent space of the manifold.

Let o € M be the initial state and x; be the desired endpoint. We define a constant direction
vector 1 — z¢. If no manifold constraint were imposed, integrating this direction would produce
the straight-line path

z(t) = o + t(z1 — x0),
which exactly reaches the endpoint.

However, this straight-line path will in general leave the manifold. To enforce the manifold constraint,
we adopt a local move-then-project strategy. At each step, we first move along the constant direction:

xp =1 + (71 — x0) At €Y

! Ariadne refers to Ariadne’s thread in Greek mythology, which guides Theseus through the labyrinth. We use it to reflect
our goal of constructing a path through complex state spaces.



- Projection
=~ +
— Correction

Projection

Zoom in Zoom in

Figure 2: Method overview. We take Uniform Circular Gaussian (UCG) as an example. We assume
we have a diffusion model trained on such data and aim to use it for constructing a sequence of states
that goes from the red dot to the yellow dot. Left: straight line interpolation between the two points
doesn’t consider the information of the manifold, but enforce the endpoint constraint that the line
would start from the red dot and end at the yellow dot. Middle: We can iteratively move along the
straight line and use the geometry stored in the diffusion model to project the movement back towards
the manifold. However, the projection would shrink the actual moving distance towards the goal,
therefore resulting in satisfying manifold constraint but overlooking the endpoint constraint. Right:
In order to satisfy both the manifold constraint and the endpoint constraint, we add a correction term
derived from an ODE perspective and successfully construct a path represented by the ODE that
satisfies both the constraints.

The intermediate point 2} may lie off the manifold. We then remove the normal component w.r.t the
manifold of the displacement to project the motion back onto the tangent space at x;_.

Let N denote an orthonormal basis spanning the normal space at z;_1. The projected update is given
by

Ty = x; —+ Z [— <$; - xt—17n>n]7 (2)

neN

which subtracts the normal components of the displacement. Equivalently, this corresponds to
projecting the update onto the tangent space 15, _, M.

By repeatedly applying Eq. (I) and Eq. (2)), the trajectory remains locally tangent to the manifold at
every step. Intuitively, each iteration removes the component that would push the state away from M.
As illustrated in Fig. [2| (middle), this generates a smooth curve that stays on the manifold while being
guided by the global direction from x to ;. While this construction encourages the trajectory to
remain on the manifold, it does not strictly guarantee it. In particular, if the reference direction aligns
with the normal space, the update may push the state away from the manifold, and the projection step
may not fully compensate for this effect. As a result, deviations from the manifold can accumulate
over time. Nevertheless, we find that this formulation works well in practice in most cases.

More importantly, even when the trajectory approximately stays on the manifold, this construction
does not guarantee satisfaction of task-level endpoint constraints. The projection step can alter the
global direction of motion, causing the trajectory to deviate from the intended target and fail to reach
the desired endpoint. This reveals a key limitation: local geometric corrections alone are insufficient
to control the global behavior of the trajectory. In the next section, we address this issue by explicitly
incorporating endpoint constraints into the trajectory construction.

4 Adding Back the Endpoint Constraints

The original move-then-project procedure uses endpoint information through the direction vector
pointing toward the target. However, once this direction is projected onto the tangent space, its
magnitude and orientation are altered. In particular, the projection removes the normal component



of motion, but this removal is not controlled with respect to the remaining progress toward the goal.
As a result, although each infinitesimal update locally moves the state “toward” the endpoint in a
geometric sense, the accumulated effect may significantly distort the global trajectory. In extreme
cases, the projected dynamics may stall or converge to a point that satisfies the manifold constraint
but fails to reach the specified endpoint.

Roadmap. In its discrete iterative form, the
move-then-project procedure enforces the man-
ifold constraint but does not guarantee satisfac-
tion of the endpoint condition. To address this
issue, we first reinterpret the move-then-project
algorithm as the discretization of a specific ordi-
nary differential equation (ODE). In particular,
we show that the iterative projection update cor-
responds to an operator-splitting scheme for a
certain projected flow.

Building on this formulation, we then ana-
lytically modify the induced ODE so that its
integral curves both (i) remain on the manifold =
and (ii) satisfy the prescribed start and endpoint Zoom in
constraints. In this way, endpoint satisfaction

is no longer an emergent property of an iterative Figure 3: While the score function provided
projection algorithm, but a structural property by the diffusion model points toward the data
of the designed dynamics. manifold and can be viewed as an approximation
of the normal direction of a (D-1)-dim manifold
embedded in D-dimensional space, it no longer
holds when we’re facing a more general and
realistic case where the manifold might be even

We’ll briefly introduce the operator-splitting
methods and then discuss the specific ODE
to which the move-and-project procedure

corresponds. lower dimensional. We therefore propose to use
L. the Jacobian of the score function for normal
4.1  Operator Splitting Methods estimation as shown on the right.

Operator Splitting methods [40l 36, 130]] are a family of methods that are proposed to solve a specific
type of ODE. Consider an ODE whose vector field can be written as the sum of two components:

dat) _
T = Ala() + Ba(). G

where A(-) and B(-) represent two functions that are easier to handle separately. Instead of solving
Eq. in one shot, Operator splitting suggests that over each time interval of length At, we first
evolve the state under A and then evolve it under B.

Split subproblems. Specifically, for each step we solve the two sub-ODEs sequentially:

20 Ay, @
0 _ B, 0
Forward Euler discretization. Starting from z;_1, we apply a forward Euler step for Eq. ():
x,(fA) =x1 + At A(zy—q), 6)
followed by a forward Euler step for Eq. (3) initialized at xEA):
Ty = xEA) + At B(x,EA)) . @)

Equivalently, the full update can be written as
Tt = Tp_1 —|—AtA($t_1) + AtB(J?t_l + AtA(a:t_l)) . (8)
Operator Splitting works when alternating between sub-dynamics does not introduce uncontrolled

curvature or instability relative to the combined flow. We refer the reader to the book about the
method for rigorous explanation [30].



4.2 Interpreting Iterative Projection as ODE

Following the previous discussion, we give the ODE view of the move-then-project procedure in

Eq. (1) and Eq. (2).

d d
dii': =z — 2o+ 2t(1 — t)&@(ft)a ®
where ( T)
—nn* )dx
A= 2 S0 "

Here i denotes the discrete integration step when iterating the ODE to x4, € is a factor that controls the
scale of projection (also cancels out the At that is not in the original projection form) and N; denotes
an orthonormal basis of the normal subspace at the current state x,. Intuitively, this formulation
views move as A and projection as B in Eq. (3)). Please find the full derivation in Appendix [B]

This perspective reveals that endpoint satisfaction is not automatically guaranteed: the induced ODE
enforces invariance to the manifold but does not, by itself, enforce endpoint conditions.

To properly incorporate endpoint constraints, we must analytically design a vector field whose integral
curves both (i) remain on the manifold and (ii) satisfy the prescribed endpoint conditions. In other
words, we need to define a velocity field that contains the RHS terms in Eq. (9), but also enforces the
integral of the velocity field to be a curve anchored at the start and end points.

We therefore propose an ODE that obeys the two rules

dz d

Pk + (2 — 4t)p(zo, x1,t) + 2t(1 — t)ago(:co, x1,t). (11)
This new formulation would still satisfy the manifold constraint since we can view 21 — zo + (2 —
4t)p(xg, 21,t) as A and 2¢t(1 — t)%cp(sco, x1,t) as B in the operator-splitting method. As long as
there exists a projection step, i.e. 2t(1 — t)%go(a:o, z1,t) or B, in our formulation, the constructed
path represented by the ODE will always be on the manifold. Intuitively speaking, the added term
(2 — 4t)p(xo, 21, t) gradually corrects/adds back the removed components from the projection when
evolving the ODE. The full derivation can be found in the Appendix [B] We name Eq.[IT]a Correction-
Projection ODE. As can be seen from Fig.[2] the resulting path constructed using this method indeed
stays on the semicircle and it starts from the given start point and ends at the given endpoint.

4.3 Numerically evolving CP-ODE

Given the above analysis and derivation, we now give the overview of our proposed method.

We use Euler method with operator-splitting to solve the ODE Eq. [T1] namely
Ty =x-1 + (1 — 20) A,
i = ) + (2 — 4t)p(x;) At,

d
e =z) +2t(1 — t)%go(xg)At.
The pseudo-code can be found in Algo. (1l In practice, there are three hyperparameters to set to
evolve the CP-ODE, namely the initial arc-length (or step size for evolving the ODE in state space),
the projection scale € and the normal selection threshold (how negative an eigenvalue can inform a
normal direction). We provide ablation studies on these three factors in Sec.[[Jand Sec. [6.4}

4.4 Manifold Hypothesis and Geometry from Generative Models

The only missing component in our formulation is the normal directions required for projection. We
aim to extract this information from a generative model trained on state-space data. Let p(x) denote a
data distribution in R?, with samples concentrated near a k-dimensional manifold M. We assume
access to the score function s(x) = V, log p(z).

The score captures first-order geometry and typically points toward higher-density re-
gions, providing a useful approximation of normal directions when the manifold has
co-dimension one. However, for general manifolds with higher co-dimension, the
normal space is multi-dimensional and cannot be characterized by the score alone.



To recover the full normal subspace, we instead
consider the Hessian

H(z) := V2 log p(x),

which encodes second-order geometric informa-
tion. In particular, under the manifold hypothe-
sis, directions with large negative curvature cor-
respond to the normal space, while near-zero cur-
vature directions correspond to the tangent space.
We defer detailed analysis to Appendix [D.1]

I- :

Riemannian metric from the score. In addi-

tion to identifying normal directions, projection
requires a notion of distance. We derive a Rie- | <
mannian metric from the score function of a .

pretrained generative model. Under the assump-
tion that the score magnitude is small on the data
manifold and increases away from it, we define  Figure 4: Visualization of the planned trajectory on

a position-dependent metric maze. The blue straight line indicates the reference
exp(||s(2)|) path and the red curve is the output of Ariadne.
Glz)=———5—7"= (12) Light color corresponds to the starting point.

Z )
which remains close to identity on the manifold and grows off it, thereby penalizing deviations.
Further details are provided in Appendix [D.2}

5 Discussion

While our proposed method takes the form of ODE -
construction, there are several ways that it can L™ MPPI CQL IQL Diffuser® Ours
be interpreted and connected to existing methods Medium 102 50 349 5270 55.69
like the transition kernel interpretation of diffusion  Large 51 125 586 4198 50.63

models [18]], and transportation between arbitrary ] ] ]
distributions [24, 27. Table 1: Results on Maze. Diffuser is trained

with training data that doesn’t contain end-
points in the evaluation endpoint region. En-
vironment score is reported as metric.

5.1 Transition Kernel

The evolution of the ODE that we constructed can also be viewed as a deterministic transition Kernel
K(xigar|re) = 0(xiqar — v(2g, t)dt), (13)
where v (x4, t) is the RHS of our constructed ODE and § is the Dirac delta function.

We can view the constructed kernel as a replacement to the Gaussian kernel used in the diffusion
process. Ariadne therefore can be viewed as constructing a kernel that we can sample a real data
from. Such interpretation can further be extended to stochastic kernels to introduce exploration and
multi-modality to the method.

5.2 Transportation between Two Distributions

Similarly, the two endpoint constraints specified in trajectory planning can also be viewed as two
Dirac delta function centered at the start and end point respectively. Therefore Ariadne can also
be explored together with existing methods like FlowEdit [24] for high-dimensional sequence
generation with only distribution-level constraints.

6 Experiments

Practical considerations. In practice, we use a straight-line reference path between endpoints,
which we find sufficient for stable performance. We further adopt arc-length-based step sizes
to ensure consistent progression along the trajectory, and adapt the implementation for different
generative models (e.g., diffusion and flow matching) accordingly. Detailed discussions are provided
in Appendix [E]



6.1 Experimental Setup

We evaluate Ariadne on three planning benchmarks: - -
Maze2D [20], [15], YAM 6D tabletop manipulation, Env Straight Line  Ours
and DualKuka [29]. In all settings, the model is YAM 6D 12.31 60.77
trained using only state-space data without trajectory
or transition supervision. At test time, we generate Table 2: Robotic arm motion planning. Suc-
state sequences connecting start-goal pairs and cess Rate is reported for our method and for
evaluate performance using standard environment the straight line reference path.

metrics, including task score and collision-free success rate. Detailed dataset construction and

evaluation protocols are provided in Appendix [F}
6.2 Quantitative Results

Maze2D. We train a Diffuser variant with trajectories that doesn’t end in the target area as specified
by the environment. We report the score obtained in the environment following the generated path as
done in previous works [20} [I5]. It is observed in Tab. [I| that such a setting would result in poorer
performance since trajectory-based models suffer from generalization. In contrast, despite only
seeing possible states data during training, Ariadne outperforms the Diffuser variant. This result
indicates the potential for Ariadne to be utilized for overcoming the generalization limitation of
trajectory-based models.

YAM 6D. In order to verify

the universality of Ariadne, we Method Success Rate (%) Avg

further apply it on the tabletop n="7T n=>5 n=>5

robotic setup. We observe in s=014 s=0.14 s=0.22

Tab. ] that Ariadne is able to X -

correct the reference straight line Straight Line 23.0 14.5 26.5 21.3

interpolation between the start PBDMP* 35.0 30.5 54.0 33.2
Ours 57.5 50.5 52.0 533

and goal states and make the path
collision free. This result indi-
cates that despite our generative
model doesn’t see any trajecto-
ries during training, we’re still
able to construct a transition ker-
nel, i.e. through ODE evolution,
that generates plausible connected states and would eventually forms a path on the state manifold.

Table 3: DualKUKA experimental results across three scenes.
PBDMP [29] takes the scene layout as input for generalizable
behavior whereas in our setting we focus on one planner per scene.
n stands for the number of blocks and s stands for the half size of
the block. Each scene contains 200 problems.

DualKUKA. To demonstrate the scalability of Ariadne, we further tested on the DualKUKA
configuration, where two 7-Dof robot arms are considered, together with more complex obstacle
layouts. The result shown in Tab. [3|shows that Ariadne is able to provide comparable result with
State-of-the-Art (SOTA) trajectory-based method [29] in one-shot path generation success. To make
a fair comparison, we use the same evaluation data for both our method and PBDMP even though it
provides generalizability by taking the scene layout as input. This demonstrates that even thought our
method is not trained on expert trajectories, it is still able to provide reasonable trajectory plan at an
even higher dimension problem.

6.3 Qualitative Results

Here we show some qualitative examples in Fig. ] and Fig.[6] As can be seen, Ariadne is able
to generate a correct path despite the huge misalignment between the reference straight line and
the layout in the maze. In Fig.[5] we showcase an example in DualKUKA environment where our
method is able to correct a straight line reference path in end effector space that has collision with the
environment to a path that allows all the joints and links of the robot arm to avoid those obstacles. As
can be seen from the red curve in Fig. [5]for the farther robot arm, the multiple turns of the red curve
are necessary since without any of them would lead to collision of a specific joint of the arm.

6.4 Ablation Studies

We ablate key hyperparameters of Ariadne, including projection scale, step size, and normal selection
threshold as shown in Algo|l} on the DualKUKA scenario. We observe that performance consistently
peaks at moderate values of these parameters, while both overly small and overly large choices lead to
degraded results. This behavior reflects a common trade-off between enforcing manifold constraints



and maintaining effective progress along the trajectory: insufficient projection leads to drift away
from the manifold, whereas overly strong correction or large updates can distort the direction of
motion and hinder endpoint reachability. Full results and analysis are deferred to Appendix|[l]

7 Related Work

For a more detailed review of the related work, please see Appendix [A]
7.1 Learning-based Planning

Recent advances have introduced sequence modeling techniques into the planning domain [12, [14].
The key insight is that a trajectory can be viewed as a structured time series, allowing planning to
be reformulated as a sequence generation problem. In this paradigm, a model is trained to learn the
distribution over trajectories from data, capturing both dynamics and behavioral regularities. At infer-
ence time, planning is performed by conditioning the generative model on task-specific information,
such as initial states, goals, or constraints, and sampling trajectories that satisfy these conditions.
A central idea behind these approaches is to
reinterpret planning as probabilistic inference.
Instead of explicitly searching over action se-
quences, sequence models are trained to approx-
imate the distribution of feasible trajectories.
Diffusion-based methods such as Diffuser [20]
parameterize this distribution via a denoising
process in trajectory space. During inference, o y
planning reduces to conditional sampling, i.e. Initial Ours
the model iteratively refines a noisy trajectory
while enforcing constraints such as initial states
or goal conditions. In this way, trajectory opti-
mization is replaced by guided generation. Subsequent works have improved this framework for
long-horizon planning [28]] and compositionality [29]], demonstrating the flexibility of generative
sequence modeling for planning.

7.2 The Manifold Hypothesis

Figure 5: Dualkuka planned trajectory. Dark col-
ors represent start and light colors represent end.

The manifold hypothesis [17} 39, 125]] claims that high dimensional data actually live on a much lower-
dimensional manifold embedded in that high-dimensional space, which inspires a series of machine
learning techniques [39,[17]. With the development of generative model, it has been proposed to use
diffusion models for learning the manifold [8} 21], as well as inducing manifold constraints into deep
diffusion models [16} [10]. In this work, we extend prior assumptions, i.e. linear subspace, D — 1-dim
manifold, towards a more general setting by using eigendecomposition on the Jacobian of diffusion
models for local geometry extraction. Unlike prior works, we do not have a strong assumption over
the structure of the data manifold and purely extract the geometry from the learned diffusion model.
8 Conclusion

In this work, we propose a novel framework, Ariadne, for sequence modeling without the need for
the appearance of sequence data during training. In order to do so, we extract geometry, i.e. local
normal subspace estimation, from a pretrained state-space diffusion model. Such geometry is then
used to construct an ODE that satisfies the fact that the sequence should be composed of possible
and connected states, as well as the initial and end points constraint. We observe that Ariadne is
able to overcome the generalizablity issue in trajectory-based generative models provide feasible
trajectories in Maze2D and robotic arm setup without seeing any trajectory data. The experimental
results demonstrate the universality of our proposed method, and we hope such a formulation would
enlighten a new paradigm for sequence modeling.

Limitations. Ariadne currently has the following limitations. 1). Currently the method considers
simple transition dynamics of the environment, how do we handle arbitrary transition dynamics? 2).
Can we lift up the dimension of the problem that Ariadne is designed to solve? 3). How can we
develop a more informative reference path that takes the geometry of the manifold into consideration
so that we can apply Ariadne to more complex problems? Finally, we observe that the method
performs well on certain challenging instances (e.g., long-range navigation in maze environments),
but may fail in other cases. We hypothesize that such failures are related to situations where the
underlying geometry is not well captured by the learned model. Understanding these failure modes
remains an important direction for future work.
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A Extented Related Works

A.1 Generative Models for Sequence Modeling

Generative models have seen remarkable progress in recent years [33} (9} [18, [1]. Diffusion models,
in particular, have gained significant attention [20} 133} 18, |34} [35]. While initially advanced in
image domain, works have been done on extending it to sequence modeling including video [[19} 5],
robotics [9] and planning [20, 28]. In addition, works have also tried to explore the geometry
underlying the generative models [[16 14, 21} [8]. While prior work assumes a learned metric model,
we focus on directly extracting the geometry from a trained diffusion model.

A.2 Latent Interpolation
Latent interpolation has been widely studied in generative modeling as a tool for exploring learned
representations and constructing smooth transitions between data samples [2} 3]

While the standard way is to do linear interpolation, several advanced methods on latent interpo-
lation [4, 311 24 3 37]], considering geodesic paths or spherical interpolation (slerp), have been
proposed in diffusion-based models to demonstrate continuity and semantic smoothness of learned
latent spaces.

However, latent interpolation primarily operates in the noise space rather than directly enforcing
geometric or dynamical feasibility in the ambient data space. The resulting trajectories are smooth in
latent coordinates but are not explicitly constrained to remain connected on a learned data manifold.

In contrast, Ariadne constructs trajectories directly in the data space by explicitly modeling the local
geometry of the data manifold and formulating trajectory generation as integrating a constrained
ODE. Rather than interpolating between latent embeddings, we design a dynamical system whose
integral curves both remain on the data manifold and satisfy endpoint constraints by construction.

B Math formulation for ODE construction

B.1 Iterative Projection

The iterative projection procedure that we used can be written as follows,
Ty =31 + (71 — x0) At

T =T, + Z [—(x} — x4—1,n)n], (14)

neN
‘We can rewrite the second line as
1
T =)+ — Z [—(z} — z4_1,n)n] At (15)
€
neN

where ¢ is a small constant that cancels out the effect of the step size At, i.e., ¢ = At, N is the
local normal subspace and n are the basis of that subspace. It corresponds to an operator-splitting
numerical method for solving the following ODE,

dx (—nnT)dx
E:xl—xw;f, (16)

where € = O(dt), A(xs) = v1 —xoand B(zy) =), N @

B.2 Correction-Projection ODE

We start our derivation with a well-established non-linear interpolation formula since it naturally
guarantees the start and end points.

xy = (1 —t)xo + twy + 2t(1 — t)p(xy), a7
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where ¢(x) is the non-linear correction term and (1 — ¢)xg + ta; represents a straight-line interpo-
lation. Taking derivative w.r.t t on both sides, we get

d d
d7f =21 — o+ (2 — 4t)p(z¢) + 2¢(1 — t)ago(mt). (18)

We now find a correspondence between the iterative-projection ODE and Eq. (T8).

Notice that since ¢ = O(dt), we can draw similarity between the term ) | @ in Eq.
and 2¢(1 — t) 4 () in Eq. (I8). We can set

3 ﬂ —or(1 -

dt@(xt) 19)

neN

Therefore by canceling out € and dt, we have

B (—nnT)dx
do(xe) = 7%1:\1 -1 (20)

and

t
(1) = pl(xo) + / ds. @1)
0

Since we solve the ODE using Euler method, we can set p(x¢) = 0 and compute the integral in

Eq. ) as

(—nnT)dx
o) = Z Z mAt, (22)

i neN;

where ¢ denotes the discrete integration step when iterating the ODE to z,, and N; denotes an
orthonormal basis of the normal subspace at the current state x;.

C Pseudo Code for the proposed Correction-Projection ODE

Please refer to Algo. [I] for full procedure of evolving our algorithm. Notice that there are three
hyperparameters that has to be set for evolving the Correction-Projection ODE, i.e. the initial arc-
length (or step size for evolving the ODE in state space), the projection scale and the normal selection
threshold. We provide ablation studies on these three factors in Sec.[[]and Sec.
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Algorithm 1 Correction Projection ODE

Input: initial arc-length C', projection scale €, Normal selection threshold T, ,-mai, Start point g,
end point z1, a flow model learned on state distribution ¥’

Output: A feasible plan P with every state in the state space.

Initialize parameters ¢ = 0

Initialize state x < zg

Initialize past state x,, < xg

Initialize post-projection state &, < Zg

Initialize PHI list dp = |]

Initialize State Path P = [z(]

while t < 1 do

if t = 0 then

dt=C
else

dt = - f%

dt = min{dt,1 — t}
end if

Vier =1 — 20
Manifold correction scale M = min{exp(|z — 2o|), exp(|Jz — 21])}
S = F(z,t = 0.98)

T
eigendecomposition: W =QuQ”

n= {%[ i < Thormai}s w = sum({X;|%; > 0})
Ty

for n; inn do
k=-%if -%; > —lelse k = — &
ukM(nin;F)(z—mpm)
reroe IR
ukl\/[(nin?)(mfxpm)
2t (1—t;)[Ini|[?

dp <€

end for
Tpro <
p=>dp
x=x—2(1—2t)pdt
=0+ Viepdt
t=t+dt
P+ x

end while

Return: P

D Geometry from score function

D.1 Hessian and local geometry.

We analyze the second-order structure of the log-density via the Hessian

H(z) = V; logp(x).
Under the manifold-plus-noise assumption, the log-density is approximately flat along tangent
directions of M and exhibits strong negative curvature along normal directions. Consequently,
eigenvectors corresponding to large negative eigenvalues span the normal space, while those with
near-zero eigenvalues align with the tangent space.

This decomposition provides a local characterization of the manifold geometry. Deviations from this
structure, such as the presence of positive eigenvalues, indicate more complex local structures (e.g.,
multi-modality or stratified manifolds).

D.2 Riemannian metric from score function.

In addition to identifying normal directions of the data manifold, performing projection also requires
a notion of distance, i.e., a Riemannian metric defined over the ambient space. We observe that
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a learned energy function Ey(x) from diffusion or score-based models naturally provides such
geometric information [4}, [13]].

Ideally, the learned energy satisfies two properties: (1) Ep(z) is small on the data manifold and
increases as = moves away from it; and (2) the gradient magnitude |V, Ey(x)| is close to zero when
z lies on the manifold. Under these assumptions, the norm of the score function serves as a proxy for
the distance to the manifold since s(z) = =V, Ey(x).

Motivated by this observation, we define a Riemannian metric

exp (|s(z
o) = p(s@)) @3
A
where Z is a normalization constant and I is the identity matrix.
By construction,
G(z) ~I whenz e M, 24

and G(z) increases as « moves away from the manifold. This induces a geometry in which off-
manifold directions incur larger metric cost, effectively penalizing deviations from M.

Therefore, under the assumption that |V, Fy(z)| ~ 0 on the data manifold, a Riemannian metric can
be directly derived from a learned generative model without explicit manifold supervision.

E Practical Considerations Full Details

Reference path selection. Notice that x1 —x is a direct outcome of the linear interpolation between
x1 and xy. We may also use different parametrizations for the interpolation such as SLERP [3]],
non-perfect trajectories generated by trajectory-based generative models [29} 20], or parametrized
curve like

(t) = (1= t)zo + twy + (O aysin(krt))d, (25)
k=1
where m and «y, are hyperparameters deciding the shape of the curve and d is chosen to be a
perpendicular direction w.r.t the straight line (1 — ¢)xo + tx1.

However, we do find that in practice straight-line reference path is sufficient enough for Ariadne to
provide reasonable results and we stick to the straight line for our experiments.

Step size and parameter ¢{. In order to ensure the connectivity in the state space, instead of
choosing a fixed time interval dt, we should instead do a change of variable and consider a
fixed step size ds, the time interval should then be dt = ﬁ, where f is the RHS of Eq.

Step Size  Success Rate

Flow Matching and Diffusion. While diffusion 0.01 54.5
models directly predict the score function and thus 0.02 57.5
lead to simple Hession computation, the implementa- 0.03 57.5
tion over a Flow-Matching model should slightly be 0.04 54.0

T
changed to use (Jzi‘]) as the approximation of the

Hession matrix where J is the Jacobian of the output
of Flow-Matching w.r.t its input.

Table 4: Ablation studies on step size.

F Experimental Setup Details

We test our algorithm in the Maze 2D environment and only train our model using the state-space
data of the maze without any trajectory data that inform connectivity. We report the standard score
gathered in the environment as the evaluation metric.

We further validate Ariadne on the YAM 6D tabletop setup, where a 6-DoF robotic arm operates in a
3D workspace containing tabletop obstacles. We evaluate the success rate of collision-free motion
planning. Similar to Maze 2D, our model is trained using state-only supervision, with no trajectory
data and no transition information.
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We construct the training set by sampling arm configurations and applying forward kinematics to
obtain end-effector and link poses. We then run a collision filter against the tabletop and obstacles,
and retain only collision-free states as feasible training data.

For each test instance (start-goal pair), we plan a state sequence using the learned model and execute
the resulting plan under the environment’s standard collision and validity checks. We report the task
success / score defined by the benchmark (same scoring protocol as the environment), emphasizing
that performance is achieved despite training without trajectories.

For all experiments, we use 0.02 as the step size for evolving the ODE. We use -0.0001 as normal
threshold and 1.0 as projection scale for Maze 2D, -1.0 as normal threshold and 0.5 as projection scale
for YAM 6D and -20.0 as normal threshold and 0.5 as projection scale for DualKUKA 14D. We found
that as the dimension of the problem goes up, the absolute value of eigenvalues goes up, and therefore
bigger normal threshold. For close manifold normal direction estimation, we use the timestep 0.98 as
input to the flow-matching model that we used as it is trained to estimate a time-dependent vector
field and close to 1 could provide a reasonable normal estimation for the real data manifold.

We further adopt DualKuka [29], a more challenging

scenario where two 7-Dof robot arm is tasked to avoid Projection Scale  Success Rate

obstacles with more complex layout as well as not 0.4 52.0
colliding with each other. The state space is defined to 0.5 57.5
be all the collision-free end effector pose. Similar to 0.6 54.5
the YAM 6D setting, each test instance is a given start- 0.7 53.0
goal pair for both the arm and we aim to generate a 0.9 50.0

state sequence using our algorithm. The success rate
is computed as the one-shot success of a collision- Table 5: Ablation studies on projection scale.
free and goal-reaching path generation. We spawn

7 and 5 obstacles following the standard data generation process of DualKUKA for quantitative
evaluation. The half size of the block is set to 0.14, 0.22 respectively for the three scnarios reported
in Tab. 3] Qualitative results are given with 5 obstacles with 0.22 as half size as it gives better
visualization of how our method provides obstacle avoidance capability, i.e. manifold following, for
a path that has collision. The ablation study is done on 7 obstacles with 0.14 as the half size. For our
results, we use the end effector space with XYZ position and euler angle for the state representation.
We found that as this representation reveals the essential problem dimension, our method is able to
provide comparable results to State-of-the-Art trajectory-based methods.

For baselines, since we follow the tradition as Diffuser [20] to train single planner for a single scene,
we restrict the evaluation to a single scene and evaluate the baselines also on this restricted scene
even if they offer generalizable capabilities to take as input different scenarios’ layout.

G Training Details

For training the flow-matching model, we use a MLP with 4 hidden layers and 128 as the latent
dimension for Maze 2D and YAM 6D. For DualKUKA, we use MLP with 8 hidden layers and
1024 as hidden dimension. The learning rate for Maze 2D medium, Maze 2D large, YAM 6D and
DualKUKA are respectively le — 4, 5e — 4, 1e — 4 and 2e — 5. The batch size for Maze 2D and YAM
6D is 64 and for DualKUKA is 1024. We transform the joint angle representation of DualKUKA
into end effector space and represent it by euler angle. The inference of our algorithm is conducted
in end effector space and use IK with the joint angle reference of the start point to derive the joint
angles for both the KUKA arms. All the training is conducted on a single NVIDIA RTX 6000 Ada
Generation GPU and requires from 2 hours to 12 hours depending on the tasks and dataset size. We
follow the standard way to generate the Maze data, randomly uniformly sampled for the YAM 6D
environment and uniformly sampled for the DualKUKA environment. The GPU memory needed for
training such model is only at around 400M.

H More Quatitative Results

In Fig. [6] we visualize a representative planned trajectory produced by Ariadne in the YAM 6D
scene: the plotted path shows the end-effector (and/or configuration) sequence staying within the
collision-free manifold and routing around obstacles to connect the specified start and goal.
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Initial Ours

Figure 6: Visualization of the planned trajectory. Color of the way-points specify task progress,
where initial state is green and final state is red.

I Ablation studies full results

We study the effect of projection scale, step size, and normal selection threshold.

Projection scale. We compare multiple scaling factors (Table [3)) and observe that performance
peaks at a moderate scale, while both smaller and larger values lead to degraded results. This can be
attributed to a trade-off between following the reference direction and enforcing manifold constraints.
When the projection scale is too small, the update is dominated by the reference direction, causing
the trajectory to drift away from the manifold and resulting in infeasible states. In contrast, when the
projection scale is too large, the accumulated projection corrections dominate the update, significantly
altering the direction of motion and causing the trajectory to drift away from the reference path.
This hinders effective progress toward the goal. A moderate projection scale balances these effects,
leading to more stable and effective trajectory construction.

Step size. We evaluate step sizes of 0.01, 0.02,

0.03 and 0.04 (Table d)). We observe that moderate Normal threshold _ Success Rate
step sizes achieve the best performance, while both -12 49.5
smaller and larger values lead to degraded results. -20 57.5
This can be attributed to a trade-off in the discretized 225 53.5
update dynamics. Smaller step sizes provide a more -30 51.5
accurate approximation to the underlying continu- 35 49.0

ous trajectory, but require more iterations to make
progress, which can accumulate errors. In contrast, Table 6: Ablation studies on normal selection.
larger step sizes may overshoot the local region where

the manifold approximation is valid, moving the state far from the manifold before projection is
applied. This weakens the effectiveness of the projection step and degrades performance. Moderate
step sizes balance these effects, leading to more stable and effective trajectory construction.

Normal threshold. We vary the threshold for selecting normal directions (Table[6)) and observe that
performance peaks at a moderate threshold, while both smaller and larger values lead to degraded
results. This can be attributed to a trade-off in estimating the normal subspace. When the threshold is
too low, many weak or noisy directions are included as normals, leading to inaccurate projections
that distort the trajectory and introduce instability. In contrast, when the threshold is too high, only a
small subset of directions is retained, resulting in an incomplete characterization of the normal space.
This weakens the constraint and allows the trajectory to drift away from the manifold. A moderate
threshold strikes a balance between these effects, yielding a more accurate and stable approximation
of the normal space.
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